Abstract-It is important to model progression of a disease to understanding if the patient's condition is improving or getting worse. In the case of HIV disease, the change in the patient's CD4+ T cell count is used to calculate the progression of HIV disease i.e. if the CD4 count goes down it represent the progression of the patient's HIV disease. Due to the lack of an effective cure for HIV disease, it is crucial to monitor the disease progression to managing HIV disease effectively. Therefore, this study is aimed to model HIV disease progression by using phase type survival trees to cluster patients into homogenous groups based on their disease progression to understand the effect of different factors of prognostic significance and their interactions affecting the disease progression. The proposed methods are evaluated using an empirical data of 1,838 HIV-infected patients. The methods developed in this study can also be used for modelling the progression of other chronic conditions or diseases.
I. INTRODUCTION
Human Immunodeficiency Virus (HIV) is a virus but unlike normal viruses it cannot be cleared out of the body by the immune system, hence once a person is infected with HIV disease he/she will remain with this particular virus for the rest of his/her life. HIV disease attacks the T-cells, also known as the Cluster of Differentiation 4 (CD4) cells, and the CD4+ T cell count is used as the main predictor of disease progression and survival. These cells are a fundamental part of the immune system and HIV disease uses them to make copies of the same virus before it destroys them. Since these cells are crucial to fight infections and diseases, a person infected with HIV disease ends up having a weak immune system and once the immune system becomes deficient, hence the name, it cannot protect the patient against other viruses. Furthermore, when a certain amount of CD4 cells are destroyed, HIV disease becomes Acquired Immunodeficiency Syndrome (AIDS), which is the final stage of HIV disease. However, it should be noted that not every person who has HIV disease ends up having AIDS since antiretroviral treatment (ART) increases the number of CD4 cells, the level of HIV virus in the body is kept low and as a result AIDS is prevented. Nowadays a person can have a normal life expectancy if he/she is diagnosed with HIV disease and treated before the disease is far advanced.
However, poor monitoring of disease progression and HIV disease drug resistance, i.e. the inability of the antiretroviral drug to decrease the viral reproduction rate adequately, are the main causes of HIV infected patients' fatalities. Therefore, although HIV disease can be managed using ART, monitoring closely the disease progression is crucial.
In this research work, HIV infected patients are clustered into groups using phase type survival trees (PTSTs). This clustering is done with respect to the total duration that a patient survives after being diagnosed with HIV disease and also with respect to the length of stay (LOS) of a patient in a particular HIV state. Partitioning is based on covariates representing some of the patients' characteristics such as age, gender, therapy, censoring, start state, end state, initial state and final state. This is done to obtain a covariate which is the best to group the patients, i.e. which covariate has the maximum effect on the survival duration or on the LOS in an HIV state.
II. AIMS AND OBJECTIVE
Since currently no effective cure for HIV disease exists, the aim behind this research work is to model the progression of HIV disease as to identify the factors or covariates which contribute to the progression of the disease using phase type distribution (PHD). This is done by using a real database of 1,838 HIV infected patients which were enrolled in the Italian public structures from January 1996 to January 2008. The outcome should aid to manage HIV disease and its treatment in a more effective way and can help us to understand better the effects that different covariates have on HIV disease progression while the methods developed through this dissertation can be useful for modelling disease progression in patients who suffer from other diseases.
III. BACKGROUND AND RELATED WORK

A. HIV Disease Progression
In a person who has a healthy immune system, i.e. a person who is HIV negative, the CD4 counts are between 500 and 1,500 cells/mm 3 , i.e. cells per cubic millimeter of blood, and in the case of an HIV positive person the CD4 count decreases as the HIV disease continues to advance, hence, HIV disease is termed as progressing if the CD4 count goes down. In the case of an HIV positive person, ART is used to prevent the HIV virus from multiplying and from destroying the patient's immune system which consequently slows HIV disease progression. This helps in keeping the patient's body healthy to fight off life-threatening infections and prevents HIV disease from progressing to AIDS.
The CD4+ T cell count is used as the major predictor of HIV disease progression and survival and in fact the US Department of Health and Human Services (DHHS) ART treatment guidelines suggest that initiation of treatment should be based on this count [1] .
HIV disease has several stages, where each stage is determined solely by the patient's absolute peripheral blood CD4 count, and these stages indicate and describe the disease severity and the disease progression. The World Health Organisation (WHO) published a general disease staging system for these HIV disease stages. The staging system is however different for children, adolescents and adults. The four prognostic stages are [2, It should be noted that a patient's immunological status may in some cases progress sequentially through the stages, however, it might also jump from a particular stage to any other stage. This disease progression from one stage to another depends on many factors and hence people infected may progress through the stages of HIV disease at different rates [1, 4] .
It should also be noted that the total time from the beginning of the infection till the infection develops to AIDS is known as the incubation period while the time from when HIV is diagnosed till death is known as HIV survival time. To find tests that are useful for prognosis and treatment decisions in HIV disease, and to establish what factors and covariates increase or decrease the rate of HIV disease progression, the survival period and the distribution of possible lengths of the incubation period needs to be characterised [5] .
B. Phase Type Distribution(PHD)
In this research work, PHD will be used to model HIV disease progression and this can be done by modelling and fitting PHD to its data. [6] .
PHDs are an extension of the exponential distributions, in fact they show many of their advantageous properties, for example PHD, like exponential distributions, have the memoryless property, i.e. they are defined only on the nonnegative real numbers. PHD is frequently used in a wide range of application areas to model Markov stochastic process and they can model realistically the process of a patient's journey through several stages as a finite state continuous time Markov chain [7, 8] .
The analysis of healthcare systems is an important application area where PHD can be applied since in this area PHD is used to describe the time that patients stay in hospitals or to describe infection models, where in the latter PHD models the duration of different phases of an infection [6, 9] .
However, PHD models are very flexible and as a consequence huge effort to find the parameters is needed so that the resulting model approximates closely the required or observed behavior.
C. Coxian Phase Type Distribution(C-PHD)
The best fit is known to be provided by the general PHD [8] , however, parameter estimation is di cult in this type of distribution. The Coxian phase type distribution (C-PHD) is a type of PHD that provides a suitable fit and it does not present the problems of the general PHD. This is because C-PHD has the minimum number of estimable parameters and it also has the advantage that it provides a simple interpretation of fit. C-PHD is a special type of PHD where entry can only occur to the first state, i.e. a patient can only enter the system in the first state and only sequential transitions can take place, as shown in Figure 1 which was obtained from [9] , with a transition rate λk from any state k to the next state k+1. A transition from any state k to the absorbing state n+1 is also possible with a transition rate µk where the absorbing state represents the death of a person [10] . The time that a patient survives after being diagnosed with HIV disease has probability density function
where p, which represents the initial state probability distribution, is defined as
the transition matrix Q is defined as (3) and q, which represents absorption probabilities, is defined as
The likelihood function is used to choose the best fit for the distribution to the data and the log-likelihood function, which is more convenient to work with, is defined as (5) where N is the sample size [10] .
D. Phase Type Survival Trees(PTSTs)
Survival trees are trees used in survival analysis and they are a type of classification and regression trees. Survival tree based analysis is a robust method of splitting the data into subgroups, based on covariates such as age, for prognostication i.e. for establishing the effects of different input covariates and their effects on output measures such as disease progression or a patient's survival duration.
PTSTs are a special type of survival trees where each node in the tree is described separately by PHD. A PTST is constructed by recursively splitting nodes into subgroups by one of the covariates based on some splitting criteria [11] .
Various splitting criteria to construct a PTST exist, for example splitting criteria based on the maximum likelihood ratio or the Bayesian information criterion (BIC) or the weighted information criterion (WIC) based splitting criteria [10, 11, 12] .
In [9] , the authors use PTSTs to evaluate the effect that the HIV diagnosis (HD) stage has, using the akaike information criterion (AIC). From this study, it was analysed that after clustering the data with respect to the HD stage there was a significant improvement in AIC and hence the HD stage affects the LOS that a patient spends in an HIV infection (HI) stage. This approach is then extended by first clustering the data based on the HI stage and then each cluster is further subclustered based on the HD stage. This approach also enhanced the analysis that the patient's HD stage affects the LOS in a particular HI stage and it was also observed that patients who were diagnosed in stage 4 stay in HI stage 4 for a longer period of time than any of the other stages, and similarly for the other HD stages.
Furthermore, in another study [11] , the authors proposed a method for clustering the patients into homogeneous groups using PTSTs with respect to their LOS. However, in this paper the splitting criteria used is based on improvement of loglikelihood functions and not on the WIC splitting criteria as in the case of this dissertation. In their other paper [10] , the authors illustrate how the approach used in [11] can be used to quantify the significance of different covariates and their interaction in forecasting the patient's LOS in the hospital. This paper then describes how the PTST method can be extended and used to examine the relationship between the LOS in hospital and destination on discharge. In this approach, the BIC is used and this paper illustrates that this extended PTST approach can be used effectively to analyse the relationship between destination at discharge and LOS. This helps for estimating bed requirements and the cost of care while our approach helps to examine the disease progression.
IV. SPECIFICATION AND DESIGN
In this research work, patients are clustered into groups using PTSTs. Firstly, the clustering is done with respect to the total duration that a patient survives after being diagnosed with HIV disease and secondly, the clustering is done with respect to a patient's LOS in a particular HIV state. This was done using a real dataset consisting of 1,838 HIV infected patients with a total of 9824 examination visits which were enrolled in the Italian public structures from January 1996 to January 2008. No information that identified individual patients was provided.
Partitioning is based on covariates representing some of the patients' characteristics such as age, gender, therapy, censoring, start state, end state, initial state and final state. This is done to obtain a covariate which is the best to group the patients, i.e. which covariate has the maximum effect on a patient's survival duration and on a patient's LOS in an HIV state.
A. General Procedure for Clustering Patients into Groups
Based on the WIC Splitting Criteria A In this research work, PTSTs were constructed using the WIC based splitting criteria to cluster and identify the effects of various covariates and their interaction in the prediction of HIV disease progression. WIC is defined as follows: ( 6 ) where N is the number of patients and d = 2*(k-1) where k is the number of phases [13] .
This particular splitting criteria is used throughout this research work since it was observed in [14] that it produces the best results. Also in another study [15] , it was found that WIC performs at least as well as, and in some cases even outperforms, other splitting criteria both with small sample and large sample sizes.
It should be noted that a variant of the freely available downloadable package EMpht [16] is used to estimate parameters for the C-PHD fit to the duration and LOS. This package uses the expectation-maximization (EM) algorithm to implement maximum likelihood parameter estimation.
Since the age covariate is a continuous covariate it should be divided into groups as to make it a categorical covariate. A PTST is then constructed by recursively splitting nodes into subgroups by one of the covariates. This is done by fitting each group separately to C-PHD and then the WIC value is used as a splitting criteria for the PTST. Since C-PHD is used, the covariate which provides the minimum total WIC value is chosen for further partitioning where the total WIC value for a particular covariate a is the sum of the minimum WIC values, which is given by a particular phase, for each subgroup of a particular covariate. The minimum WIC value chosen must be ≥−2 * loglikelihood for the WIC value to be correct and if otherwise that WIC value is not considered and the next smallest WIC value from another phase is taken. If no WIC value is correct, the WIC value for that group is considered as null for the addition.
Once a covariate a which provides the minimum WIC value, hence the maximum improvement in WIC, is obtained, this covariate a splits the dataset into a number of subgroups and then each subgroup is separately fitted to the C-PHD. One covariate is applied at each node and the total WIC value for partitioning with that covariate is recorded. This is repeated with other covariates and then the WIC value is compared with the WIC value of the node before partitioning. Hence a covariate which provides maximum significant improvement, by minimizing the WIC, is selected by exploring all possible splits each time. If at a particular node there is no split which provides significant improvement in WIC, that node is considered a terminal node and hence the process above should be repeated until no node provided a split which provides a significant improvement in WIC.
B. Modelling a Patient's Survival Duration after HIV Disease Diagnoses Headings
The survival duration of each patient, i.e. the total time from when the patient was diagnosed with HIV disease till death or till termination of data collection was modelled. Partitioning is based on the four covariates age, gender, initial state and therapy. For the continuous covariate age, cut-points were used to divide patients into groups as to change the continuous covariate age into a categorical one.
The age covariate was divided into 3 almost equal subgroups using 3 cut-points as shown below: A PTST, shown in Figure 2 Section IV, was created to model a patient's survival duration using the procedure explained in Section IV.A to cluster the patients into meaningful groups. This was also repeated to model a patient's LOS in an HIV state. Figure 2 is the schematic diagram of the PTST that was constructed using the WIC based splitting criteria and it clusters the data into 8 clusters (i.e. terminal nodes). This PTST implies that the whole data was first divided by the therapy covariate since it was found to have a high prognostication significance on the patient's survival duration, then it shows which other covariates have a prognostic significance on the survival duration when excluding therapy, and hence it further considers patients who did not use ART (node 2) and patients who did use ART (node 3). The other nodes have the same interpretation and illustrate what other covariates can affect the patient's survival duration. This PTST can help us determine factors which can affect the survival duration of a newly diagnosed HIV infected patient. Table 1 presents the nodes of the tree together with all the possible splits of these nodes. The splits selected to create child nodes are shown as bold faced. For instance nodes 8 and 9 are nodes created by splitting node 5 by the gender covariate. The gain in WIC is the difference between the WIC value of the parent node before clustering and the total WIC value of the leaf nodes. At level 2, the covariate initial state provided the most significant split for node 2 (total WIC 3945.44). In this case it can be observed again that patients who were diagnosed in state 4, i.e. initial state = 4, were most likely to have a short survival duration (mean duration 627.54) while patients who were diagnosed in state 2, i.e. initial state = 2, were less likely to have a short survival duration (mean duration 1946.68). No covariate provided an improvement in WIC for node 3 and hence node 3 is a leaf node in the PTST.
V. RESULTS
At level 3, no covariate provided an improvement in WIC for nodes 4 and nodes 7 and hence these nodes are also terminal nodes. The covariate gender provided the most significant splits for node 5 (total WIC 681.76). In this case it can be observed that females were most likely to have a short survival duration (mean duration 1677.27) while males were less likely to have a short survival duration (mean duration 2052.39). No covariates provided an improvement in the WIC value for nodes 8,9,10,11 and 12 and hence they are labelled as terminal nodes as well. It should be noted that a '-' in Table 1 implies that no WIC value was ≥−2 * loglikelihood.
This shows that the covariate therapy has a prognostic significance since splits based on this covariate provide significant improvement in WIC. Therapy is followed by initial state for those patients who did not use ART while no covariate provides any improvement in WIC for those who used ART and hence this cluster of patients is not further divided. Also no covariates provided an improvement for initial state groups 1 and 4 while group 3 and group 4 are furthered partitioned by gender and age respectively, however, these two covariates provide a lower prognostic significance compared to the therapy covariate.
The survival function was then plotted for each terminal node to show the quality of fit of each cluster of patients and the plots obtained verified that the model created represents the empirical data well (See Figure 3) . The survival functions for node 3 and node 12 are shown in Figures 3(a) and 3(b) respectively where the x-axis represents the number of days that a patient survives after being diagnosed with HIV disease while the y-axis represents the probability of survival. Therefore, from such plots we can estimate the probability that a newly diagnosed HIV patient, which belongs to a specific clustered group, has of survival after a certain amount of days of being diagnosed with HIV. From Figures 3(a) , it can be observed that on day 1 of diagnosis there is 100% chance of survival while as the number of days increase, the survival function decreases. This implies that the probability of survival decreases as the number of days increase.
The values of the x-axis and the corresponding y-axis values for Figure 3(a) were recorded, i.e. for patients who used ART, for both the empirical data and for the fitted data. The results are shown in Table 2 .
The results obtained verify that the model obtained gives a good prediction for the cluster of patients who used ART since for instance after 988 days a patient has a probability of survival of 57% while the model created by fitting the data gives a probability of survival of 60%. It can also be noted that the model created predicts that after approximately 8000 days (approximately 22 to 23 years) a patient who uses ART (excluding any other covariate) has 0% of survival. On the other hand, from Figure 3 (b) it can be observed that a 34 to 75 years old patient who was diagnosed with HIV in state 3 and does not use ART (node 12) has 0% of survival after 3000 days (approximately 8 to 9 years).
It should be noted that another PTST modelling the patient's LOS in an HIV state was created and it was obtained that the factor end state, which represents the state in which the patient was during a particular examination visit, has a high prognostic significance when modelling the LOS in an HIV state. However, in this case the data is censored as the CD4 count is measured at each examination visit and the HIV state is diagnosed based on this count but the patient might have been in this state even before the examination visit. As a result one cannot know the exact time that a patient entered or left a particular HIV state and therefore the data is censored, except when a patient dies
VI. EVALUATION
The aim of this research was to model HIV disease progression and to identify the factors or covariates which contribute to the progression of this disease and as shown in Section V, the covariate therapy has a high prognostic significance followed by initial state while age and gender provide a lower prognostic significance when modelling a patient's survival duration. In this section, 3-fold crossvalidation is used for evaluating the model which models a patient's survival duration. Therefore, the original dataset used in this research work was divided into three subsamples and a PTST was created from of the data and then the remaining of the data was used to test the fit of the model. This process was repeated three times and hence three PTSTs were obtained.
A. PTSTs for the Subsamples
The PTSTs created for subsamples 1 and 2 are identical and hence one PTST, Figure 4 , is provided for both while the PTST for subsample 3 is illustrated in Figure 5 .
All three subsamples give a slightly different PTST from the original PTST , however, these three PTSTs still verify that the covariate therapy has the most prognostic significance on the patient's survival duration, since splits based on this covariate provided significant improvement in WIC even for of the data, followed by the initial state covariate for those patients who did not use ART, as in the original PTST, while no other covariates has any other significance for those patients who used ART for these three PTSTs. Also, no covariate provided an improvement for initial state groups 1 and 4, as in the original PTST. The only difference that these PTSTs have from the original PTST, Figure 2 Section V, is shown in the bottom levels of these PTSTs since for subsample 1 and subsample 2, initial state groups 3 and 4 are not further partitioned and hence age and gender provide no further partitioning for these two subsamples. However, for subsample 3, initial state group 3 is furthered partitioned by the age covariate and then age group 1 and age group 3 are furthered partitioned by the gender covariate, however, this shows that these two covariates still provide a low prognostic significance when modelling a patient's survival duration.
B. Comparing Empirical to Fitted Data
The distribution plots for the C-PHD fitting of the data, represented by the terminal nodes of the PTSTs, from of the data compared with the corresponding of the data for each node of each PTST were plotted.
This was done to compare the empirical (from of the data) and fitted data (from of the data). the plots obtained illustrate that the model created, based on a patient's survival after being diagnosed with HIV disease, provides a good fit and minimum overfit the data. A slight difference between the empirical and fitted data could be observed in some cases, however, it was due to the fact that the empirical data consists of a small number of patients for those nodes. Therefore, the model created in Section V can also represent data which was not used to estimate its parameters. As a result, it is shown that PTST based analysis can be used to identify predictors of a patient's survival duration.
VII. CONCLUSIONS AND FUTURE WORK
The motivation behind this research work was to model the progression of HIV disease and this was done by creating and evaluating the PTSTs together with illustrating how these PTSTs can be constructed and used to cluster and quantify the significance of different covariates which contribute to the progression of HIV disease. The PTSTs created cluster the patients into prognostically significant groups and are effectively revealing the interrelationship between the covariates and the patient's survival. As a result, when considering the total duration that a patient survives after being diagnosed with HIV disease, the covariate therapy was found to have prognostic significance followed by initial state showing their prognostic significance to the progression of HIV disease while the covariates age and gender did not show any prognostic significance, while when considering the patient's LOS in an HIV state, the covariate end state provided a prognostic significance to the disease progression. This illustrates that PTST based analysis is a practical method for establishing the relationship between input covariates and outcome measures and for clustering available survival data into clinically meaningful patient groups. As a result it is shown that PTST based analysis can be used to identify predictors of a patient's survival duration and to estimate the survival duration of a patient based on his/her characteristics that are available at the time of HIV disease diagnosis.
The outcome of this research is practical since currently no effective cure for HIV disease exists and the results obtained can help us to understand better the effects that different covariates have on HIV disease progression. Consequently, this can help in better planning and care management of the HIV infected patients while it might also help in understanding the effect of ART on the disease progression. Such factors could also help in finding ways to slow disease progression and help in therapeutic monitoring decisions.
As future work, the approach used in this research work can be repeated using different cut-points for the age covariate and an automated algorithm that can be used to decide the optimum cut-points can be developed. The PTST analysis can also be extended by considering other covariates, for instance coinfection with other diseases such as hepatitis B or hepatitis C. Additionally, a similar approach using PTST based analysis can be applied for modelling disease progression in patients who have other infectious diseases such as diabetes and cancer
